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. – positive operator . , Hilbert
space positive bounded operator , $B(\mathcal{H})$ $A$ $A^{*}A$
. $B(\mathcal{H})$ ,
, $B(\mathcal{H})$ . , Arveson Hardy
space inner, outer function , (order type $\mathbb{Z}$ ) nest $\mathfrak{U}$
inner, outer operator , positive invertible $B(\mathcal{H})$ $\mathfrak{U}$
$A$ $A^{*}A$ (cf. [1]). , positive invertible
$n\cross n$ matrix positive diagonal upper triangular matrix $A$ $A^{*}A$
unique Cholesky , Power Hilbert
space positive operator Cholesky , $B(\mathcal{H})$
positive nest $A$ $A^{*}A$ ,
nest well ordered (cf. [6]).
, positive invertible
, invertible , .
.
positive ,




2. Preliminaries and definitions
$M$ von Neumann $\alpha$ $M$ $*$-automorphism . $M$
Haagerup $L^{2}$ -space $L^{2}(M)$ (cf. [3]).
$x\in M$ , $L^{2}(M)$ operator $l_{x}$ (resp. $r_{x}$ ) $l_{x}y=xy(\mathrm{r}\mathrm{e}\mathrm{s}_{\mathrm{P}}. r_{x}y=yx),$ $y\in$
$L^{2}(M)$ $l$ (resp. $r$ ) $M$ $L^{2}(M)$ faithful normal representation
(resp. anti-representation) ,
$l(M)=\{l_{x}|x\in M\}$ , $r(M)=\{r_{x}|x\in M\}$
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, $l(M),$ $r(M)$ $L^{2}(M)$ von Neumann . $L^{2}(M)$ op-
erator $J$ $Jy=y^{*},$ $y\in L^{2}(M)$ , $J$ $L^{2}(M)$ conju-
gate linear isometric involution , $L^{2}(M)+$ $L^{2}(M)$ positive part
$\{l(M), L^{2}(M), J, L^{2}(M)+\}^{\text{ }\mathrm{H}\mathrm{g}}\mathrm{a}\mathrm{a}\mathrm{e}\mathrm{r}\mathrm{u}\mathrm{P}[2]$ $M$ standard form
von Neumann $l(M)$ $r(M)$ commutant . [2, Theorem
32] $L^{2}(M)$ unitary operator $u$ $l_{\alpha(x)}=ul_{x}u^{*},$ $r_{\alpha(x)}=ur_{x}u^{*},$ $(\forall x\in M)$
. , , Hilbert space $\mathrm{L}^{2}$
$\mathrm{L}^{2}=\{f$ : $\mathbb{Z}arrow L^{2}(M)|\sum_{n\in \mathbb{Z}}||f(n)||^{2}2<\infty\}$
, subspace $\mathbb{H}^{2}$
$\mathbb{H}^{2}=\{f\in \mathrm{L}^{2}|f(n)=0, n<0\}$
. $||\cdot||_{2}$ $L^{2}(M)$ . Hilbert space $\mathrm{L}^{2}$ operator
$L_{x},$ $R_{x},$ $L_{\delta},$ $R_{\delta}$ .
$(L_{x}f)(n)=l_{x}f(n),$ $(R_{x}f)(n)=r(x)f\alpha^{n}(n)$
$(L_{\delta}f)(n)=uf(n-1),$ $(R_{\delta}f)(n)=f(n-1)$ $(f\in \mathrm{L}^{2}, n\in \mathbb{Z})$ .
$L(M)=\{L_{x}|x\in M\},$ $R(M)=\{R_{x}|x\in M\}$ , (resp. )
$L=\{L(M), L_{\delta}\}’$
’ (resp. $\Re=\{R(M),$ $R_{\delta}\}’’$ ) , (resp. )
$\epsilon_{+}$ (resp. $\Re_{+}$ ) $L(M)$ (resp. $R(M)$ ) $L_{\delta}$ (resp. $R_{\delta}$ )
,$\mathrm{C}$ (resp. $\Re$) $\sigma$-weakly closed subalgebra .
3. Factorization
,
positive operator matrix . Lemma
, , .
Lemma 3.1. Hilbed space $\mathcal{H}$ $\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}2$ , $\mathcal{H}$
positive operator $C$ $\mathcal{H}=\mathcal{H}_{1^{\oplus}}\mathcal{H}2$ matrix form
$C= \bigoplus_{\mathcal{H}_{2}}^{\mathcal{H}_{1}}$












$C$ positive , $c-b^{*}a^{-}b1\geq 0$ .
$a$ invertible , $n\in \mathbb{N}$ , positive
operator
$C+n^{-1}I=$
, $a+n^{-1}I_{1}$ invertible ,
$b^{*}(a+n^{-1}I_{1})^{-1}b\leq c+n^{-1}I_{2}$
. $\{b^{*}(a+n^{-1}I1)-1b\}$ positive operator bounded increasing sequence
, strong operator topology , $c_{1}$




Lemma positive operator minimality
. .
Definition 3.2. Hilbert space $\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}$ positive operator $C$ .
positive operator $C_{1}$ $\mathcal{H}_{2}$ -minimal part of $C$ ,
,
$C_{1}|_{\mathcal{H}_{2}}=C|_{H_{2}}$ , $P_{\mathcal{H}_{1}}o_{1}P_{\mathcal{H}}1= \mathrm{S}-\lim_{tarrow 0^{Pc}}\mathcal{H}1(tP\pi_{2}+P_{\mathcal{H}_{2}}CP_{\mathcal{H}_{2}})^{-1}CP_{\mathcal{H}_{1}}$
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$P_{\mathcal{H}_{i}}$ $H$ $\mathcal{H}_{i}(i=1,2)$ projection . $C=C_{1}$
, $C$ $\mathcal{H}_{2}$ -minimal .
$\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}\text{ }$ positive operator $C\text{ }$ matrix form
$C= \bigoplus_{\mathcal{H}_{2}}^{\mathcal{H}_{1}}$

















$a^{\frac{1}{2}}d^{*}=b$ , map $a^{-\frac{1}{2}}$ : $b\mathcal{H}_{2}arrow d^{*}\mathcal{H}_{2}$ well-defined $d^{*}=a^{-\frac{1}{2}}b$





$C_{1}$ minimality , $dd^{*}\geq c_{1}$ . $c_{1}=dd^{*}$ , $C_{1}$
matrix representation .
$C_{1}==$




lower triangular matrix form operator , positive operator
.







. , $\mathcal{H}$ positive operator $C$ , $C$ $N_{n+1}$ -minimal
part $C^{()}n+1$ . $C-c^{(n}+1$ ) positive , $N_{n^{-\min \mathrm{i}\mathrm{m}\mathrm{a}}}1$
part $C_{n}$ . $C-(C_{k+1}+\cdots+C_{n}+C^{()}n+1)$ $N_{k^{-}}$
minimal part $C_{k}(k<n)$ , $R^{(k-1}$ ) $=C-(c_{k}+Ck+1+\cdots+C_{n}+c(n+1))$
$C$ .
(31) $C=R^{(k-1)}+C_{k}+C_{k+1}+\cdots+C_{n}+C^{(n+1)}$
$C$ Hilbert space $\mathcal{H}=\mathcal{M}_{k-1}\oplus \mathcal{H}_{k}\oplus\cdots\oplus \mathcal{H}_{n}\oplus N_{n+1}$ Cholesky
decomposition .
Cholesky decomposition , .
Lemma 33 Hilbert space $\mathcal{H}=\mathcal{M}_{k-1}\oplus \mathcal{H}_{k}\oplus\cdots\oplus \mathcal{H}_{n}\oplus N_{n+1}$ positive
operator $C\text{ }$ Cholesky decomposition
$C=R^{(k1)}-+C_{k}+ck+1+\cdots+cn+c^{()}n+1$
. , $k,$ $n\in \mathbb{Z}(k<n)$ , operator $C_{k}+C_{k}+1+\cdots+$
$C_{n}+C^{()}n+1$ $C$ ${ }$ -minimal part .
51
Cholesky decomposition positive operator
, .
Theorem 3.4. $L$ positive operator $C$ , $L$ positive operator $c_{\infty}$
$\mathfrak{U}_{+}$ operator $A$ , $C=C_{\infty}+A^{*}A$ .
Proof. $\mathcal{H}_{n}=L^{2}(M)(\forall n\in \mathbb{Z})$ , $.\mathrm{L}^{2}$
$\mathrm{L}^{2}=..\sum_{n=-\infty}^{\infty}\oplus \mathcal{H}_{n}$




, $\mathrm{s}-\lim_{narrow\infty}R-(n+1)=0$ . $C^{(n)}\geq C^{()}n+1$
$C^{(n)}$ bounded , $narrow\infty$ $\{C^{(n)}\}$ strong limit $\mathit{0}_{\infty}$
$C= \sum_{k=-\infty}^{\infty}C_{k}+c_{\infty}$ . Lemma. 3.3 , operator $\sum_{k=n}^{\infty}C_{k}+c_{\infty}$
the $N_{n^{-\min \mathrm{i}\mathrm{m}\mathrm{a}}}1$ part of $C$ , $n\in \mathbb{Z}$ Hilbert space
$\mathrm{L}^{2},\overline{\sim.}\mathcal{M}_{n-1^{\oplus}}\mathcal{H}_{n}\oplus N_{n+}1$ , lower triangular form operator




, $|| \sum_{k=-n}^{n}A_{k}||2\leq||C||<\infty$ , $\{\sum_{k=-}^{n}nA_{k}\}$ , operator $A$
weak operator topology $A^{*}A= \sum_{n}^{\infty}=-\infty^{C_{n}}$ . operator $A$
Hilbert space
$\mathrm{L}^{2}=\cdots\oplus \mathcal{H}_{-n}\oplus\cdots\oplus \mathcal{H}n\oplus\cdots$ .
matrix form , lower triangular form .
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$c_{\infty}$ $L$ . $L=\Re’$ $\mathit{0}_{\infty}$ $\Re$




. $C^{(n)}$ minimality , $R_{\delta}^{*}c^{(+}n1$ ) $R_{\delta}\geq C^{(n)}$ . ,
$f\in N_{n+1}$ , $R_{\delta}C^{(n}$ ) $R_{\delta}^{*}\geq C^{()}n+1$ , $R_{\delta}C^{(n+)}1R^{*}\delta=C^{(n)}$








generator , $\mathit{0}_{\infty}$ $L$ . .







. $C_{n-1}$ $C_{n}$ matrix form






. $R_{\delta}A_{n-1}R*=A\delta n$ , $R_{\delta}AR_{\delta}^{*}=A$ . $M$ unitary
















$RwAnR^{*}=Anw$ $R_{u}AR_{u}^{*}=A$ . $A$ $\Re$ generator
$A$ $L$ . $A$
$\mathcal{H}=\cdots\oplus \mathcal{H}_{-n}\oplus\cdots\oplus \mathcal{H}_{n^{\oplus}}\cdots$
lower triangular form $A$ $\Sigma_{+}$ . 1
, $c_{\infty}=0$ .
Arveson outer operator ,
, .
54
Definition 3.5. $\epsilon_{+}$ $A$ outer $A$ range projection
$E_{A}$ $L(M)$ , $A\mathbb{H}^{2}$ $[A\mathrm{L}^{2}]\cap \mathbb{H}^{2}$ dense .
$[A\mathrm{L}^{2}]$
$A\mathrm{L}^{2}$ closed linear span .
Lemma outer operator .





$L$ positive operator $C$ ,
$C’=\mathrm{S}-\mathrm{l}\mathrm{i}\mathrm{m}tarrow 0(P^{\perp}cP_{\mathbb{H}}2\mathbb{H}^{2})*(tP_{\mathbb{H}}2+P_{\mathbb{H}}2cP\mathbb{H}^{2})^{-}1(P_{\mathbb{H}^{2}}^{\perp}cP_{\mathbb{H}^{2}})$
. , .




$C$ $L$ invertible , $C$ .
Proof. $\mathcal{L}_{+}$ outer operator $A$ $C=A^{*}A$ .
$C=P_{\mathbb{H}^{2}}^{\perp}A^{*}P\mathbb{H}\perp 2AP_{\mathbb{H}^{2}}^{\perp}+A^{*}P_{\mathbb{H}}2A$ $C$ matrix form
$C=(_{P_{\mathbb{H}^{2}}(A}P_{\mathbb{H}\mathbb{H}^{2}}^{\perp}*2PAc_{\mathbb{H}^{2}}P^{\perp})P_{\mathbb{H}^{2}}^{\perp}$
$P_{\mathbb{H}^{2}}^{\perp}P_{\mathbb{H}^{2}}(A^{*}P\mathbb{H}2A)P_{\mathbb{H}^{2}}(A*P_{\mathbb{H}}2A)P_{\mathbb{H}}2)$
. $A$ outer , Lemma 3.6 (iii)
$C’=P_{\mathbb{H}^{2}}^{\perp}(A*P_{\mathbb{H}^{2}}A)P_{\mathbb{H}^{2}}\perp$









$\mathrm{s}-\lim_{n}arrow\infty R_{\delta}^{-}nc\prime R_{\delta}n=0$ . Theorem 34. $C$ , $\mathrm{g}_{+}$
$A$ $\mathcal{L}$ positive operator $c_{\infty}$ $C=A^{*}A+c_{\infty}$ . $P_{-n}$
$\mathrm{L}^{2}$
$R_{\delta}^{-n}\mathbb{H}^{2}$ projection , $P_{-n-}^{\perp}=I-Rn$
$R_{\delta}^{-n}P_{\mathbb{H}^{2}}R\delta n=P_{-n}$ $(\forall.n\in \mathbb{N})$
. $C$ $C=P_{-n}^{\perp}CP_{-}^{\perp}n+P_{-n-n}^{\perp c}P+P_{-n}CP_{-n}\perp+P_{-n}CP_{-n}$ ,
s- Jim $P_{-n}CP_{-}^{\perp}n$ { $tP_{-n}\perp$ $P_{-n}^{\perp}CP_{-n}\perp$ } $-1P^{\perp-}-n-n=CPR_{\delta}nc\prime R^{n}\delta$




, $||c^{(n)}f||^{2}arrow 0(narrow\infty)$ . $C_{\infty}=0$ .
$A^{*}P_{\mathbb{H}^{2}}^{\perp}A= \sum^{\infty}c_{n}n=0$
$C$ $\mathbb{H}^{2}$-minimal part , Lemma 36 (iii) , $A$ outer .
$C$ invertible , $P_{\mathbb{H}^{2}}CP_{\mathbb{H}^{2}}$ $B(\mathbb{H}^{2})$ invertible ,
Lemma 3.1 ,
$C’=(P_{\mathbb{H}^{2}}^{\perp}CP_{\mathbb{H}}2)(P\mathbb{H}2CP_{\mathbb{H}}2)-1(P\perp c2P_{\mathbb{H}^{2}})\mathbb{H}*$
. $\mathrm{L}^{2}$ $f$ ,






, $R_{\delta}^{-n}C’R_{\delta}n$ strong operator topology $0$ . 1
positive operator , McAsey-
Muhly-Saito [10] , . – ,
$L$ positive invertible operator $A\in(s_{+})\cap(\epsilon_{+})^{-1}$ $A^{*}A$
. Theorem 37 corollary , .
56
Corollary 3.8: ([10, Corollary .5.3]) $L$ positive invertible operator $\epsilon_{+}\cap$
$(\epsilon_{+})^{-1}$ outer operator $A$ $A^{*}A$ .
, – . Theorem 3.4
, – .
$-$
Proposition 3.9. $L$ positive operator $C$ Theorem 3.4
$C=A^{*}A+\mathit{0}_{\infty}$ . , $C$ $\epsilon_{+}$ $B$ $L$ positive $D$
, $C=B^{*}B+D$ $A^{*}A\geq B^{*}B$ .






, $narrow\infty$ $R_{\delta\delta}^{-n_{A^{*}P_{\mathbb{H}^{2}}AR}}n,$ $R_{\delta\delta}^{-n_{B^{*}P2B}}\mathbb{H}R^{n}$ weak operator
topology $0$ $c_{\infty}\leq D$ $A^{*}A\geq B^{*}B$ . 1
, Corollary 38 – .
Proposition 3.10. $L$ positive operator $C$ Corollary 38
$C=A^{*}A$ . $C$ $\epsilon_{+}\cap(\epsilon_{+})^{-1}$ $B$ , $C=B^{*}B$ ,
unitary operator $U\in\epsilon_{+}\cap(\epsilon_{+})^{-1}$ , $B=UA$ .
Proof. $A^{*}A=B^{*}B$ , $f\in \mathrm{L}^{2}$ , $||Af||=||Bf||$ .
$U_{0}|_{[}A\mathrm{L}^{2}]=0$ operator $U_{0}$ : $Axrightarrow Bx,$ $(\forall f\in \mathrm{L}^{2})$ closure partial
isometry $U$ , $U$ $B=UA$ . $A,$ $B$ $\epsilon_{+}\cap(\epsilon_{+})^{-1}$
$U=BA^{-1}\in\epsilon_{+}\cap(,\mathrm{e}_{+})^{-1}$ , $U$ $\epsilon_{+}\cap(L+)^{-1}$ unitary operator
. 1
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